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Covering. Let A, and B be sets of nonnegative integers consisting of k elements 
and infinitely many elements, respectively. The set B is called a complement 
of Al, if each nonnegative integer n is expressible in the form n = a + b (a E A, 
b E B). We define 
ck = syp i;f d(B), 
!. 
where d(B) is the asymptotic density of B, B ranges over all complements of 
A,, and Am ranges over all sets consisting of k elements. Then 
$ < cp < 0.339934. 
Other covering results are proved. 
Packing. Let Ati and B be defined as above. The set B is called a packing com- 
plement of Ak if every nonnegative integer n has at most one representation 
n = a $ b (aEAr, bfB). We define 
Pk = 9; s”,p d(B), 
where B ranges over all packing complements of At whose asymptotic density 
exists and A, ranges over all k element sets. Then 
(1) pk < (ke/4 -+ ilk/6 - 14)-r, k > 5 
(2) 21/2 G lim k(pW < li? s,p k(p3112 < (8/3)1/z. 
-rm -3 
1. COVERING 
Let A and B be sets of nonnegative integers, with 0 E A. The set B is 
called a covering complement, or complement, of A if each nonnegative 
integer is expressible in the form a + b (a E A, b E B). A central problem 
in additive number theory is the determination, for a prescribed A, of a 
covering complement B that is in some sense minimal. 
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For each set B, we denote by B(n) the number of elements of B that do 
not exceed n. The upper and lower densities of B may be defined as 
d(B) = lun+sup B(n)/n, cl(B) = liF+$f B(n)/n. 
If upper and lower densities coincide we omit the bar and speak of the 
density. The codensity of a set A is defined as the number. 
c(A) = i?f d(B), 
where B ranges over all covering complements of A whose density exists. 
Erdos [I] and Lorentz [2] have discussed some problems and concepts 
for the case where A is an infinite set. Newman [3] has studied the case 
where A is a finite set. He has posed the problem of finding the least upper 
bound cK for the codensity c(A) as A ranges over all sets of k elements. 
The two principal results of [3] are: 
THEOREM A. cS = 215. 
THEOREM B. ck - log k/k. 
Newman has conjectured that cq = Q and several of our results give 
some information on this conjecture. 
Theorems 1.1-l .3 show that 6 < cq < 0.339934, while Theorems 1.4 and 
1.5 show that there exist four-element sets A that do not have a regular 
complement1 of density Q or less. A regular2 complement is a complement 
that is a finite union of residue classes (mod N) all of whose elements may 
be written as consecutive multiples of an integer M -=c N, (M, N) = 1. 
This seems significant inasmuch as every four-element set that we have 
examined has a complement consisting of a finite union of residue classes 
with density 6 or less. A computer was used in the proof of Theorem 1.3 
to dispose of the vast number of special cases that arise there. 
THEOREM 1.1. c4 3 4. 
Proof. We prove this by showing that ~((0, 1, 2, 4}) = f. First we show 
that ~((0, 1,2,4}) > +. Let B denote any finite union of residue classes 
such that the set 
(B 0 0) u (B 0 1) u (B @ 2) u (B @ 4) 
1 Henceforth, when we say complement (or regular complement) we mean one that 
has density < Q. 
* Since the stipulation “consecutive multiples of an integer M” is equivalent to a 
stipulation for a particular set of consecutive multiples of M, this definition is equivalent 
to the one given later in the text. 
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consists of all nonnegative integers. Let 
cii = d(B @ i), 
d(B) = a0 = 011 = 012 = 014 ) 0101 = %2 9 aO2 = 0124. 
We now apply the inclusion-exclusion principle and obtain 
or 
401, - 2a,, - 0102 - a24 - %4 - @04 + 01012 
+ %24 + 01014 + - aO124 = 1, 01024 
401, - 2a,, - 2or,, - cxo3 - ao4 
+ 01012 + cyO13 + + - = l- aO14 01024 010124 (1.1) 
Similarly, since (B @ 0) u (B @ 1) u (B @ 2) u (B G 3) u (B @ 4) is 
also the set of nonnegative integers, the principle implies that 
5a0 - 40101 - 30102 - 2ao3 - 0104 $ a012 
+ %23 + ly234 + Oi013 -i- aO23 + %24 
+ %34 + + + - 01014 aO24 01034 aO123 
- - %234 - aO124 - 010134 - aO234 + 0101234 1, 
01 
5a, - 4a,1 - 3Ci,, - 201,~ - 0104 + 3oIO12 
+ 201013 + 2ao23 - 2010123 + a014 + cLO24 
+ 01034 - 010124 - 010134 - + = la 010234 0101234 (1.2) 
If we multiply both sides of (1.1) by 2 and subtract the corresponding sides 
of (1.2) we get 
3a0 - cyO2 - 0104 - 01012 + aO14 + &024 
- a034 - 010124 + OL0134 + 010234 0101234 = 1. - 
The following inequalities are obvious’: 
(1.3) 
---OlOZ + 01024 < O, --a04 + a014 d 0, -a034 + a0134 9 0. 
Since 01 012 = a234 and -0~~~~ + ao234 < 0, we have also 
-O(O12 - 010124 - (yO1234 + 010234 < O. 
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These inequalities together with (1.3) imply 30+, > 1 or 01~ 2 3. This proves 
that d(B) >, $. 
That ~((0, 1,2,4}) = 4 is now obvious from the observation that 
B = 0, 3, 6 ,..., is a complement. 
THEOREM 1.2. Given E > 0, suppose all quadruples (0, a, b, c}, where 
0 < a < b < c d #E-~, have codensity < & + E, Then cp < 4 + E. 
Proof. By a theorem of Newman [3], a triple (0, a, b), such that 
(a, b) = 1, has codensity < (a + b + 2)/3(a + b). 
Let k = SE-~. Given a quadruple (0, a, b, c}, (a, b, c) = 1, with c > k, 
we will show there exists a triple (0, a’, b’) C (0, a, b, c} such that even after 
division by (a’, b’): (0, a’/(a’, b’), b’/(a’, b’)) = (0, a”, b”} we will have 
a” + b” > (2k)‘/“. By Newman’s theorem (0, a”, b”} will have codensity 6 
+ + 2/3(a” + b”) < Q + E, and hence, so will (0, a, b, c]. 
We have made the assumption (a, b, c) = 1 because it is easy to show 
that (0, a, b, c} has the same codensity as (0, a/(a, b, c), b/(a, b, c), c/ 
(a, b, 41. 
We can write 
a = xyz, b = xuv, c = uyw, 
where x = (a, b), y = (a, c), u = (b, c). 
We assume that 
a + b < (2k)l’2, (a,b>‘ a + ’ < (2k)l’2, (a,’ 
and show this leads to a contradiction. 
By assumption 
yz + uu < (2k)1/2, xv + yw < (2k)li2, xz + uw < (2k)‘/“. 
If we let p = (2k)l12, we obtain 
UfY<P, YW<P, UW,<P. 
We wish to show that, under these conditions, max uyw = (p2/2) = k, 
which violates the hypothesis: c > k. 
Clearly, the choice u = p/2, y = p/2, w  = 2 * max uyw >p2/2. To 
show that max uyw = p2/2 we suppose that at least one of u, y is less than 
p/2, say u, and suppose u < y. Then yw = p and, since u <p/2, uyw < 
P212. 
Hence, at the maximum we must have u = y = p/2 and this Z- w  = 2. 
This proves the theorem. 
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THEOREM 1.3. cq < (l/3) + 2/(3 . 101) < 0.339934. 
Proof. By Theorem 1.2, we could obtain this result if we verified that 
every quadruple, bounded by (2/9)~-~ = (2/9)(2/303)-2 < 5101 has 
codensity < 0.339934. Actually, we proved that all relevant quadruples 
have codensity < 4. The proof is by computer. It was possible to have the 
computer obtain complements for far fewer quadruples than the (“‘,“) that 
one would expect from the above comment. Consideration of the following 
remarks made it possible to obtain our result using a modest amount of 
computer time. 
1. It is only necessary to examine quadruples (0, CI, b, c> such that 
(a, b, c) = 1, since ~(0, a, b, c} = ~(0, ma, mb, mc}. 
2. We may write every quadruple as (0, mu, mb, cl-, where (a, b) = 1. 
From Newman’s result [3], it is clear that we need complement the qua- 
druple only if it possesses the following properties: 
(a) (ma, mb, c) = 1, 
(b) a + b < N, (ma + c)/(y, 4 < N, W + 4/W, c> < N, 
m(b - a) + c - ma ~ N, 
(m(b - a), c - ma) 
where N = 100. 
3. The program proceeds as follows: 
(a) Pass through all pairs a, b such that a < b, a + b < N, (a, b) = 1. 
(b) For a given pair CI, b determine an upper bound for m: m max. 
(c) For a given pair a, b, and associated m < m max determine an 
upper bound for c: c max. 
(d) For all appropriate c test that the criteria of Parts 2 (a) and (b) 
are met. 
(e) If they are, find a regular complement for this quadruple. (see 
definition below.) 
(f) If a regular complement is not found, print out the quadruple. 
3(b). We have m max = aN/(a + b). Let c = a’b’x where (a, c) = a’, 
(b, c) = b’ and (m, X) = 1. Then we must have 
am f a’b’x 
< N, 
bm + a’b’x 
a’ 6’ 
< N. 
This implies c = a’b’x < min {Na’ - am, Nb’ - bm] < a(N - m). 
Hence, there is no solution c if c < a(N - m) = bm, the third term of the 
quadruple. This implies m < aN/(a + b). 
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3(c). From 3(b) we have c < a(N - m), but we can frequently do better 
than this. Suppose 
m(b-a)+c-ma>N. 
Then some prime in b - a must divide c - ma so that the fourth in- 
equality in 2(b) is satisfied. 
Suppose every prime in b - a divides m. Then there is no solution 
c>N+ma-m(b-a)=N+m(2a-b) 
because for all such c we have (m, c) > 1. Hence, c < N + m(2a - b) for 
this special case. 
We also can take advantage of the factorization of c = a’b’x. Let the 
first factor of c, a’ = JI , range over all divisors of a such that am/fi ( N/2. 
Let b’ = gj range over all divisors of b such that bm/g, < N/2. If either 
(m,fi) > 1, all i, or (m, gj) > 1, all j, there is no solution c. If c =hgjx, 
we must have 
y+Bf <‘ax.< [ 
N - (ma/J;:> 
z 2 1 & ’ 
<N*x< [ N - (mblgi) 1 “6 ’ 
and x is bounded by the minimum of these two. 
3(f). A small number of quadruples were printed out for which the 
program could not obtain a regular complement. These were then solved 
“by hand.” An example is (0, 315,459, 595). All conditions of 2(a) and (b) 
are fulfilled but the program was not sufficiently shrewd to notice that 
(0, 315,459, 595) 3 {0,9, 15,20} (mod 30) 
and hence has the complement (0, 1, 2,..., 9} (mod 30). 
DEFINITION. We say that A = {aI, u2, a,, a4} has a regular com- 
plement if there exists M, N, where M -C N and (M, N) = 1 such that 
(4 , a2 , a3 , ad 0 W, 2M,..., kM} (mod N) = (0, l,..., N - I> (mod N), 
k < [N/31. 
THEOREM 1.4. Let A = {0 = a,, a2, a,, ad> and B = {M, 2M ,..., 
[N/3] M) (mod N), where M < N and (M, N) = 1. Consider a set of the 
form D = (ai1 - aia, aie - ais , ai, - ai( , ai4 - a,,) (mod N), where 
il , i2 , i, , i4 is a permutation of the integers 1,2,3,4. Then B is a regular 
complement of A if and only $0 C B for some permutation of 1,2, 3,4. 
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Proof. Assume that D C B. We write 
ai, = k,M, ai, = k&f, ai, = k,M, aj, = k,M. 
Since {k, - k, , k, - k, , k, - k4 , k4 - k,} (mod N) C {1,2 ,..., [N/3]} it 
must be true that no two adjacent ki’s are separated by a gap larger than 
[N/3]. Therefore, since { 1,2 ,..., [N/3]} is a set of [N/3] consecutive numbers, 
it is a complement to {k, , k, , k3, k4}. Hence {M, 2M ,..., [N/3] M} is a 
complement to (k&f, k,M, k,M, k&f} because (M, 2M,..., NM}(mod N) = 
(0, l)..., N - l}. 
Now assume that B is a complement to A. We write 
a, = klM, a2 = k?M, a3 = k,M, a4 = k,M , 
and assume, without loss of generality, that k, > k, > k, > k, . It 
follows that {1,2,..., [N/3]} IS a complement to K = (k, , k, , k, , k4}. 
Hence, the gap between adjacent elements of K cannot be greater than 
[N/3], and so D = {a, - a2 , a3 - a3, a3 - a4, a4 - a,} C B. 
THEOREM 1.5. The set A = (0, 1, 7, 9} does not have a regular com- 
plement. 
Proof. Let a, = 0, a, =l, a3 = 7, a4 = 9. Consider the following 
congruences: 
k,M G ail - ai, , 
k,M G ai? - aia , 
k,M E aio - ai, , 
(mod N) 
k,M E ail - ai1 , 
(1.4) 
where i ’ r, z2, i, , id is a permutation of 1, 2, 3, 4, M < IV, (M, N) = 1 and 
ki < [N/3], i = l,..., 4. By Theorem 1.4, it is sufficient to show that the 
congruences (1.4) are unsolvable for every permutation. There are six 
cases of (1.4) to be considered. 
Case 1. 
k,M = 9 - 7 = 2, 
k,M = 7 - 1 = 6, 
k,M=l -0= 1, 
(mod N 
k,M=O-99-9. 
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We can write these congruences as 
2k,M = 2, 
6k,M = 6, 
k,M = 1, 
-9ksM = -9. 
(mod N) 
Since kS < [N/3], by our requirement, we have 2k, < 2N/3 and so 
2ka ,< [N/3]. This implies that 6k, < N. If 6k, = N, then 0 * M = 
6 (mod N) implies N I 6, which can be eliminated by direct trial. Hence 
6kS < N * 6k, < [N/3] * ks < N/18. Hence kS + 2k, + 6ks = 9kS < 
N/2, and this implies -9k3 > N/2, which violates the requirement. Hence 
a solution is impossible for this set of differences. 
Case 2. 
k,M = 9 - 0 = 9, 
k,M=O-77-7, 
k,M = 7 1 6, (mod N) - = 
k,M = 1 - 9 = -8. 
If we let k. be the unique integer such that 
k,,M = 1 (mod N), 
we may rewrite the above as 
9k,,M = 9, 
-7k,M = -7, 
6k,M = 6, 
(mod N). 
-8k,M = -8. 
If -8k, < -7k,, Q [N/3] => -Sk,, < 2[N/3] =L- 6k, > [N/3] unless 
3 1 N. In this case we must have -Sk,, 3 0 (mod N), -7k, E (N/3) 
(mod N). The next to the last congruence = 8k, = SN but we have 
-8k,M = -8 (mod N), which => --sNM E -8 (mod N) =E- N / 8, which 
is impossible. 
If -7k, -=c -8k, < [N/3] then remarks similar to the above apply to 
-9ko. That is, we must have -9k, < 2[N/3] * 9k, > [N/3] unless 3 I N. 
In which case -7k, = 0 (mod N) * 7k, = SN and this, together with 
-7k,,M = -7 (mod N), 5 --sNM = -7 (mod N) * N 17, which is im- 
possible. 
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Case 3. 
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k,M = 9 - 1 = 8, 
k,M = 1 - 7 = -6, 
k,Mr7-0=7, (mod N) 
k,M = 0 - 9 = -9. 
Same proof as Case 2. 
Case 4. 
k,M = 9 - 7 = 2, 
k,M E 7 - 0 = 7, 
k,MsO- 1 = -1, (modN) 
klM = 1 - 9 = -8, 
or 
-2k,M = 2, 
-7k,M = 7, 
lk,M E -1, (mod N, 
8k,M = -8. 
k, < N 3 k, < [N/3] s- 2k, < 2[N/3] * -2ks > [N/3]. 
Equality only if 3 / N and k3 = N/3. Then since ksM = -1 + pN, we 
get k&f=-l+p3k,=>k,=l*N=3. But 0,1,7,9(mod3)= 
0, 1 * no solution. 
Case 5. 
kIM=9-0=9, 
k,M = 0 - 1 = -1, 
k,M = 1 - 7 = -6, 
(mod N) 
k,M=7-99-2, 




k,M s 0 - 7 = -7, 
(mod N) 
k&f s 7 - 9 = -2. 
Same proof as Case 4. This completes the proof. 
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2. PACKING 
Let A and B be sets of nonnegative integers. The set B is called a packing 
complement of A if every integer n has at most one representation 
y1 = a + b(a E A, b E B). For a prescribed A we wish to determine a 
packing complement B that is in some sense maximal. The packing coden- 
sity of a set A is defined as the number 
~(4 = sip d(B), 
where B ranges over all packing complements of A whose density exists. 
We wish to find the greatest lower bound pk for the packing codensity 
p(A) as A ranges over all sets of k elements. 
A set A of nonnegative integers is called a basis for subtraction for the 
integer IZ if each nonnegative integer less than or equal to n can be written 
as the difference of two elements of A. If A has this property, then clearly 
p(A) < n-l. 
Given k we wish to find the largest value of 12 for which there exists a k 
element set A that is a basis for subtraction for iz. 
H. Rohrbach [4] showed that II > k2/4 + k/2 - 1. A. Brauer [5] 
showed that n > k2/4 + 7k/6 - 53112. We show, in Lemmas 2.1 and 2.2 
that n > k2/4 + Ilk/6 - 14, and this is the foundation for 
THEOREM 2.1. pk < (k2/4 + 1 lk/6 - 14)-l, for k > 5. 
Utilizing a result of Redei and Renyi [6] we obtain a sharper result for 
large k in 
THEOREM 22 2112 <lim . . , -k-,co k(pk)1’2 < 1iI-n SUpk-cm k(Pk)1’2 < (8/3)“2. 
Theorem 2.1 follows immediately from the following two lemmas. 
They constitute an improvement on a result of Brauer [5]. 
LEMMA 2.1. Let x, y be positive integers and k = 3x + y. Then the 
foilowing integers form a basis for subtraction for the integer n = (3y + 11) 
x - 14: 
0, 1, 2 )...) x - 3, (1) 
2x - 3, 3x - 3 ,..., (y + 1) x - 3, (2) 
(Y+~)x--,(Y+~)x--5, (3) 
(2y + 7) x - 9, (2y + 7) x - 8 ,..., (2y + 8) x - 10, (4) 
(3y + 10) x - 13, (3y + 10) x - 12 )...) (3y + 11) x - 14. (5) 
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Proof. Let (I> - (J) denote the set of all differences i - j, where i E 
line I andj E line J. Then we have 
11, L.., x - 3) c (1) - (l), 
(x - 2, x - l> c (5) - (5), 
{4x + r I 4 = 1, L.., y and r = 0, l,..., x - 3) c (2) - (0, 
{qx + r / q = 1, 2,...,y - 1 
and 
r = x - 2, x - 1) U ((y + 1) x - 2) C (3) - (2). 
These last two lines imply 
{x, x + l,..., (y + 1) x - 2) c (2) - (1) u (3) - (2), 
{(y + 1) x - 1, (y + 1) x,..., (y + 2) x - 4) C (3) - (l), 
((y + 2) x - 3, (y t 2) x - 2,..., (Y + 4) x - 51 c (5) - (4), 
((y + 4) x - 4, (y + 4) x - 3,..., (Y + 6) x - 6) C (4) - (3), 
((y + 6) x - 6, (y + 6) x - 5,..., (2y + 6) x - 7) C (4) - (2), 
((2~ + 6) x - 6, (2y + 6) x - 5 ,..., (2y + 8) x - lo} C (4) - (l), 
((2y + 7) x - 8, (2y + 7) x - 7,..., (2y + 9) x - 101 c (5) - (3), 
((2y + 9) x - 10, (2y + 9) x - 9,..., (3y + 9) x - 111 C (5) - (2), 
((3y + 9) x - 10, (3y + 9) x - 9 ,...) (3y + 11) x - 143 c (5) - (1). 
LEMMA 2.2. For every integer k there exists a basis for subtraction for 
an integer n such that 
n 3 (k2/4) + (11/6) k - 14. 
Proof. Set x = [(k + 5)/6], y = k - 3[(k + 5)/6] and let (k + 5)/6 = 
[(k + 5)/6] + 6. It follows from Lemma 2.1 that 
n = (34’ t 11) x - 14 
zz /3k - ; (k + 5) + 96 + ll/[v - 81 - 14 
ik = 1; k + ; + 961 lT $ ; - S; - 14 
-~+k~;+-$-S;k+~-;S+i-S~+9S~-9S2-14 
=;+;k+4S-9S2+;-14 
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To prove Theorem 2.2, we obtain some preliminary results. 
LEMMA 2.3. Given k integers a, ,..., arc we can find a packing comple- 
ment S = (s,} such that d(S) > 2/k2. 
Proof. Given N = (m - l)((k(k - 1)/2) + 1) + 1 it is sufficient to 
showthatwecanalwaysfinds,<s,<~~~<s,,,~Nform>m,. 
Let s, = 0. Let s, be the smallest integer such that s, # a, - a, + 
he1 , s, # ai - aj i- k2 ,.. ., s, # ai - aj + s, and s, > s,-, , where 
a, - aj > 0. 
Clearly, s, has to avoid at most (m - l)((k(k - 1)/2) + 1) numbers. 
Hence we have 
SW) > 2 -1 N (m - l)((W -M1)/2) + I) + 1 > z&=x+ 
if m is large enough. 
Suppose that a set A, of integers is a basis with regard to subtraction 
for n. Denote the smallest possible number of elements in A by n* and we 
may investigate the behavior of n* as n -+ 00. 
We are really interested in the dual problem: If we fix the size of the 
set A (but not its elements) at m elements we define m’ to be the largest 
number such that A is a basis for subtraction for m’. We have the following: 
LEMMA 2.4. Let qna = m/mr112, r, = n*/n112. Then {qm} is a subsequence 
of W. 
Proof For each n* there exists n such that n = (n*)‘. Furthermore, 
if n = (n*)‘, then clearly (n + l)* = n* + 1. Therefore, n* runs through 
all numbers > 2 and this proves the lemma. 
LEMMA 2.5. (Redei and Renyi [6]) lim,,, n*/n1’2 < (8/3)‘J2. 
Theorem 2.2 follows from Lemmas 2.3-2.5. 
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